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Mean curvature flow of 
certain kind of isoparametric foliations 
on non-compact symmetric spaces 

Naoyuki Koike 


Abstract 

In this paper, we investigate the mean curvature flows starting from all non- 
minimal leaves of the isoparametric foliation given by a certain kind of solvable group 
action on a symmetric space of non-compact type. We prove that the mean curva¬ 
ture flow starting from each non-minimal leaf of the foliation exists in infinite time, 
if the foliation admits no minimal leaf, then the flow asymptotes the self-similar flow 
starting from another leaf, and if the foliation admits a minimal leaf (in this case, it 
is shown that there exists the only one minimal leaf), then the flow converges to the 
minimal leaf of the foliation in C°° -topology. 


1 Introduction 

In [K2], we proved that the mean curvature flow starting from any non-minimal compact 
isoparametric (equivalently, equifocal) submanifold in a symmetric space of compact type 
collapses to one of its focal submanifolds in finite time. Here we note that parallel sub¬ 
manifolds and focal ones of the isoparametric submanifold give an isoparametric foliation 
consisting of compact leaves on the symmetric space, where an isoparametric foliation 
means a singular Riemannian foliation satisfying the following conditions: 

(i) The mean curvature form is basic, 

(ii) The regular leaves are submanifolds with section. 

A singular Riemannian foliation satisfying only the first condition is called a generalized 
isoparametric foliation. Recently, M. M. Alexandrino and M. Radeschi ([AR]) investigated 
the mean curvature flow starting from a regular leaf of a generalized isoparametric foliation 
consisting of compact leaves on a compact Riemannian manifold. In particular, they 
([AR]) generalized our result to the mean curvature flow starting from a regular leaf of 
the foliation in the case where the foliation is isoparametric and the ambient space curves 
non-negatively. On the other hand, we ([K3]) proved that the mean curvature flow starting 
from a certain kind of non-minimal (not necessarily compact) isoparametric submanifold 
in a symmetric space of non-compact type (which curves non-positively) collapses to one 
of its focal submanifolds in finite time. Here we note that the isoparametric foliation 
associated with this isoparametric submanifold consists of curvature-adapted leaves. See 
the next paragraph about the definition of the curvature-adaptedness. 
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In this paper, we study the mean curvature flow starting from leaves of the isoparam- 
etiric foliation given by the action of a certain kind of solvable subgroup (see Examples 
1 and 2) of the (full) isometry group of a symmetric space of non-compact type. Here 
we note that this isoparametric foliation consists of (not necessarily curvature-adapted) 
non-compact regular leaves. We shall explain the solvable group action which we treat in 
this paper. Let G/K be a symmetric space of non-compact type, g = I + p (I := Lie/L) be 
the Cartan decomposition associated with the symmetric pair ( G,K ), a be the maximal 
abelian subspace of p, a be the Cartan subalgebra of g containing a and g = I + a + n 
be the Iwasawa’s decomposition. Let A, A and N be the connected Lie subgroups of G 
having a, a and n as their Lie algebras, respectively. Let tt : G —>• G/K be the natural 
projection. 

Given metric. In this paper, we give G/K the G-invariant metric induced from the 
restriction B | pxp of the Killing form B of g to p X p. 

The symmetric space G/K is identified with the solvable group AN with a left-invariant 

metric through tt\an- Fix a lexicographic ordering of a. Let g = go + ]© 0A> P = 

AeA 

a + Pa and I = to + ^a be the root space decompositions of g, p and t with 
AeA + AeA + 

respect to a, where we note that 

gA = {X G g | ad (a)X = A (a)X for all a € a} (A G A), 
pA = {X G p | ad (a) 2 X = A (a) 2 X for all a G a} (A G A+), 

£a = {X G 11 ad(a) 2 X = A (a) 2 X for all a G a} (A G A+ U {0}). 

Note that n = gA- Let G = KAN be the Iwasawa decomposition of G. Now we 

AeA + 

shall give examples of a solvable group contained in AN whose action on G/K{= AN) 
is (complex) hyperpolar. Since G/K is of non-compact type, n gives a diffeomorphism of 
AN onto G/K. Denote by ( , ) the left-invariant metric of AN induced from the metric 
of G/K by it\an • Also, denote by ( , ) G the bi-invariant metric of G induced from the 
Killing form B. Note that ( , ) 7 - i*( , ) G , where 1 is the inclusion map of AN into G. 
Denote by Exp the exponential map of the Riemannian manifold AN(= G/K) at e and 
by exp G the exponential map of the Lie group G. Let l be a r-dimensional subspace of 
a + n and set 5 := (a + n) © l, where (a + n) © l denotes the orthogonal complement of l in 
a + n with respect to ( , ) e (e : is the identity element of G). According to the result in 
[Kl], if s is a subalgebra of a + n and Ip := pr p (i) (pr p : the orthogonal projection of g onto 
p) is abelian, then the S'-action (S := exp G (s)) gives an isoparametric foliation without 
singular leaf. We ([Kl]) gave examples of such a subalgebra s of a + n. 

Example 1. Let b be a r(> l)-dimensional subspace of a and S[, := (a + n) © b. It is clear 
that b p (= b) is abelian and that Sj, is a subalgebra of a + n. 

Example 2. Let {Ai, • - - , A^} be a subset of a simple root system II of A such that 
H \ 1 , • • • , H\ k are mutually orthogonal, b be a subspace of a© Span{LAi, • • • , H \ k } (where 
b may be {0}) and 4 (i = 1, • • • , k) be a one-dimensional subspace of R H\ i + with 
4 / R H\., where H\. is the element of a defined by {H\ v -) = Aj(-) and R-Ra; is the 
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k 

subspace of a spanned by H\ i . Set l := b + h- Then, it is shown that l v is abelian and 

i =1 

that s bi ; 1; ... ,l k := (a + n) © l is a subalgebra of a + n. 

In Example 2 , a unit vector of 4 is described as - 777 -m —rC ~ tanh(||Ad|4)LLv 

cosh(||Ai||ij) ||Ai|| 

for a unit vector £* of q and some 4 € R, where ||Aj|| := 11 H\ t \ j . Then we denote 
k by if necessary and set := — C - ttt-tt- tanh(||Ai||ti)i^ Ai . Set S b := 

COSil^l | Ai | \ti ) 

exp G (s b ) and S b j u ... t i k := exp G( s b,h,-,l k )- Denote by 5 b and $ b ,i u ...,i k the isoparametric 
foliations given by the SVaction and the Sp..., 4 ,-one, respectively. A submanifold in a 
Riemannian manifold is said to be curvature-adapted if, for each normal vector v of the 
submanifold, the normal Jacobi operator R(v ) := R(-,v)v preserves the tangent space of 
the submanifold invariantly and the restriction of R(v) to the tangent space commutes 
with the shape operator A v , where R is the curvature tensor of the ambient Riemannian 
manifold. According to the results in [Kl], the following facts hold for isoparametric 
foliations 5 b and db,h,-,l k - 

(i) All leaves of 5b are curvature-adapted. 

(ii) Let Ai, • • • , Aj. (e A+) be as in Example 2. If the root system A of G/K is non- 
reduced and 2A ; 0 € A + for some ?'o € {1, • • • , k}, then all leaves of 5b, h, — ,i k are not 
curvature-adapted. 

(iii) If b 7 ^ {0}, then 5b,4,--- ,i k admits no minimal leaf. On the other hand, if b = {0}, 
then this action admits the only minimal leaf. 

(iv) Let 4, • • • , 4 be as in Example 2 and 4 (* = 1, ■ • • , k) be the orthogonal projection 
of k onto . Then 5 b | 1 ... 7 fe is congruent to 5b,ii,--- ,/ fc - In more detail, we have 

Tfe.-y ? i(ti). 7 ^( 4 ) {Sb,h, — ,l k ’ e ) = 'S'bji,— ,4 ' ' 7c 1 (A).7f fc (D'))j 

where 77 (i = 1, ■ ■ ■ ,k) is the geodesic in AN(= G/K) with 7 ^ (0) = £®, b is an element of 

exp(b) and L b . 7?1 ( tl ) -y (k (t k ) is Die left translation by b- 7 ^ 1 (ii). 77 ( 4 ,). For example, 

in case of k = 1 and b = e, the positional relation among the leaves of these foliations is 
as in Figure 1. 



(ti)( s b,h 


•e) 


According to the above facts (i) and (ii), the leaves of 5b,ii,--- ,l k give examples of interesting 
isoparametric submanifolds in G/K. 
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In this paper, we shall prove the following facts for the mean curvature flows starting 
from the non-minimal leaves of 3 ^ j . 

Theorem A. Assume that b / {0}. Let M he any leaf of 3 & ^ . and Mf (0 < t < T) 

he the mean curvature flow starting from M. Then the following statements (i) — (iii) 
hold. 

(i) T = oo holds. 

(ii) If M passes through exp(b), then the mean curvature flow Mt is self-similar. 

(iii) If M does not pass through exp(b), then the mean curvature How Mt asymptotes 

the mean curvature How starting from the leaf of 3 b 7 7 passing through a point of 

exp(b). 

Remark 1.1. The mean curvature flow starting from any leaf of 3b is self-similar. 


M 1 



The mean curvature flows starting from leaves M 1 and M 3 
of db \ ■■■ i k (b A { 0 }) asymptotes the mean curvature flow 
(which is self-similar) starting from a leaf M 2 of 3b \ ... \- 

Figure 2. 

Also, in case of b = {0}, we obtain the following fact. 

Theorem B. Let M be a leaf of 3{o }| 1 ~i k ~action other than <5{o}7 1 7 k • e and Mj 
(0 < t < T) be the mean curvature How starting from M. Then the following statements 
(i) — (ii) hold. 

(i) T = 00 holds. 

(ii) M t convergres to the only minimal leaf S j 0 j ^ ■ e (in C°°-topology) as t —> 00. 



The mean curvature flows starting from leaves M 1 , M 2 and M 3 of 
3 {o}Ji,- j k converge to the only minimal leaf of 3 {o}J 1 ,--- ,i k - 

Figure 3. 

The following question arises naturally. 
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Question. Let 5 be an isoparametric foliation consisting of non-compact regular leaves 
on a non-positively curved Riemannian manifold. Assume that the leaves of 5 are coho¬ 
mogeneity compact (i.e. f each leaf L is invariant under some subgroup action Hf of the 
isometry group of the ambient space and the quotient space L/Hl is compact). In what 
case, does the result similar to Theorem A or B hold for 5 ? 

2 Mean curvature flow. 

In this section, we shall recall the notion of the mean curvature flow. Let ft s (t G [0, T)) be 
a one-parameter C^-family of immersions of a manifold M into a Riemannian manifold 
M, where T is a positive constant or T = oo. Define a map F : M x [0, T ) —> M by 
F(x,t) = ft(x ) (( x,t ) G M x [0, T)). Denote by ir the natural projection of M x [0, T) 
onto M. For a vector bundle E over M, denote by ir*E the induced bundle of E by n. 
Also, denote by H t and gt the mean curvature vector field and the induced metric of f t , 
respectively. Define a section g of 7r*(T^ 0,2 ^M) by := ( gt) x (( x,t ) G M x [0, T)) 

and sections H of F*TM by H( Xjt ) := (H t ) x (( x,t ) G M x [0, T)), where T^’^M is the 
tensor bundle of degree (0, 2) of M and TM is the tangent bundle of M. The family ft s 
(0 < t < T) is called a mean curvature flow if it satisfies 

d-D F. (|) = H. 

In particular, if ft s are embeddings, then we call Afl := ,/j(M)’s (0 G [0, T)) rather than 
fts (0 < t < T) a mean curvature flow. See [HI,2] and [B] and so on about the study of 
the mean curvature flow (treated as the evolution of an immersion). 

3 The non-curvature-adaptedness of the leaves. 

In [Kl], we proved the following statement: 

(*) If the root system A of G/K is non-reduced and 2Aj 0 G A + for some io G {1, • • • , k}, 
then all leaves ... are not curvature-adapted. 

(see the statement (ii) of Proposition 3.5 in [Kl]). However, the second-half part of the 
proof was false. Hence we shall correct the proof of this statement by recalculating the 
normal Jacobi operators of the leaves (see Proposition 3.5). We shall use the notations in 
Introduction. According to the fact (iv) stated in Introduction, we have 

^6-7 e i(ti) l,—Jfc ' e ) = ^b,h,— Jk ' .7£ fc (^fc))- 

Hence we suffice to show that the leaves • e’s are not curvature-adapted. As 

stated in Example 2 , we set Q. := — ) —-Q — \ tanh(||Ad|tHiLv- For the shape 

* cosh(||Aj||tj) 11A j 11 

operator of • e, we showed the following facts (see Lemma 3.2 of [Kl]). 

Lemma 3.1([K1]). Let A be the shape tensor of ^ • e (c AN). Then, for A^ 0 

(ft) G b) and A^i (i = 1, ■ ■ • , k), the following statements (i) ~ (vii) hold: 
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(i) For X £ a © (b + ^ R H\.), we have A^ 0 X = An X = 0 (i = 1, ■ • • ,k). 

i =1 tl 

(ii) For X £ Kei^ad^*)!^. )©R£\ we have A^ 0 X = 0 and An X = — ||Aj|| tanh(||Aj||fj)X. 

(iii) Assume that 2Aj £ A + . For X £ 02 A i; wie have X]) = 0 and 

A# X = 2 11 A*11 tanh(||Aj||£j)X - - J tttt \@C■, x \, 

Y 2cosh(||Aj||ti) 

^ (Pf,*]) =- Mrmx X ~ l|A 4 ||tanh(||A 4 ||t,,)[0e,X], 

Zt i cosh(||Aj||tj) 


where 6 is the Cartan involution of g with Fix# = 6 . 

(iv) For X £ (Rf+ RR a .)©4, we have A^ 0 X = 0 and A^i X = —||A,;|| tanh(||Aj||tj)X. 

(v) ForX £ ( 0 a ,©R^)+((^+RRa,)©^)+ 02 A, (j + 1), we have A^ 0 X = A^X = 0. 

(vi) For X £ g A( (t-i£ A + \ {Ai, • • • , X k }), we have A^X = p(£o)X. 

(vii) Let ki := exp ( —= -(£* + #£*) ), where exp is the exponential map of G. Then 

\v2||Aj|| / 


Ad(fcj) o An = —An 
representation of G. 


k 

o Ad (ki) holds over n © Jj](g Ai + 02A;), where Ad is the adjoint 

i= 1 


Remark 3.1. If A ; € A + , then we have ||Ai|| = \/2 from how to choose the metric of G/K 
(see Introduction). 


According to (5.3) in Page 310 of [M], we have the following fact. 

Lemma 3.2([M]). Let X and Y be left-invariant vector fields on AN and V be the 
Levi-Civita connection of the left-invariant metric (,) of AN. Then we have 

(3.2) V. y Y = I ( [A, Y] - ad(X)*(Y) - ad(Y)*(X) ), 

where ad(A)* (resp. ad(Y)*) is the adjoint operator of ad(X) (resp. ad(Y )) with respect 
to ( , ) e and («) a +n Is the the (a + n )-component of (•). 

Let prj +n (resp. pr„ +n ) be the projection of g onto a + n with respect to the decompo¬ 
sition g = f + (a + n) (resp. g = (I 0 + Pa) + (a + n)). We ([KI]) showed the following 

AeA + 

facts (see the proof of Lemma 3.2 in [KI]). 

Lemma 3.3([K1]). (i) For any H £ a, we have 

(3.3) ad (H)* = ad (ff). 

(ii) For any X £ g A , we have 

ad(A)* = —pr a+n o ad(3X) 

0 

-(X, -) e © H x - pr n o pr‘ +n o ad(Af) 

+Pr„ o pr^ +n o ad(Ap) 



on a 
on n, 
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where (•)* (resp. (-)p) denotes the ^-component (resp. p-component) of (•). 


According to (3.4), we have 


(3.5) 


ad(A)*(Y) 


' 0 

~(X,Y)H x 

~[0X,Y] 

0 


(A — p £ A + ) 

(A = p) 

(p — A £ A + ) 

(A-^AU { 0 }) 


for any X £ 0 a (A £ A + ) and any Y £ 0 M (p £ A + ). For each X £ a + n, we denote by 
X the left-invariant vector field on AN with ( X) e = X. By using Lemma 3.2, (3.3), (3.4) 
and (3.5), we can derive the facts directly. 


Lemma 3.4. For any unit vector X \, 


^ u, X/J, — 0 , 




Y\ of qa (A £ A _)_) and H\ (A £ A + ), we have 
Vy x H,, = -A (H^)X x (A, p £ A+) 


and 


= < 


±([X x ,%] + 0\Y^0X x ]) 
hx x ,%] + (X x ,%)H X 

l([x x ,Y lx \ + 9[xZ'eY l ,]) 

llxNj 


(A — p £ A + ) 

(A = p) 

(p — A € A + ) 
(A-^AU { 0 }) 


From Lemma 3.4 and (3.5), we can derive the following facts for the normal Jacobi 
operators by somewhat long calculations. 


Proposition 3.5. Let R he the curvature tensor of AN (= G/K). Then, for R(£ o) (£° £ b) 
and R(Q.) (i = 1, • • • ,k), the following statements (i) ~ (vi) hold: 

k 

(i) For X £ a © (b + £ R H Xi ), we have R{£ 0 )(X) = R(? U )(X) = 0 (i = 1, • ■ ■ , k). 

i— 1 

(ii) For X £ Ker(ad(f )| 0A .) © Rf, we have R(£ 0 )(X) = 0 and R(Q.)(X) = M(1 - 
3tanh 2 (||Ai||L))A. 

(iii) Assume that 2Aj £ A + (hence ||Aj|| = V2). For X £ 0 2Ai , w e have R(£q)(X) = 
R(^)m\X}) = 0 and 


mipx) = -||Ai|| 2 (l + 3tanh 2 (||A,||t,))X - X ] 

2cosh(||Aj||fj) 

x i) = _ 6P.nu,. miia,|| ( ,) x+ y^ji _ 3tenll 2 ( || A .|| i . ))[ ^ i x] 

cosh(||Aj||L) 4 


(iv) For X € (Rf + R H x .) © k, we have R(£ 0 )(X) = 0 and R(Q.)(X) = -||A;|| 2 A. 

(v) For X £ ( 0A © R£i) + ((R£* + R H x .) © lj) + 02A . (j ± i), we have R(£o){X) = 
R(Q i )(X) = 0. 

(vi) For X £ 0 M (p £ A+ \ {Ai, • • • , A k }), we have R(£o)(X) = -p(£, 0 ) 2 X. 
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From Lemma 3.1 and Proposition 3.5, we can derive the following facts directly. 


Proposition 3.6. For [Aft, .R(£o)] (?o G b) and [Ao , R(Q)] (i = !,■■■ , k), the following 
statements (i) ~ (vi) hold: 

k 

(i) For X G a© (b + E R H Xi ), we have [A#(&)](*) = [A* ,R(? U )]( X ) = 0 (i = 

i =l u 

1 ... 

(ii) For X G Ker(ad(e)|„ ) © Rf, we have [^ 0 , R(£ 0 )]PO = ,#($,)](*) = 0. 

(iii) Assume that 2\ G A + (hence ||Aj|| = y/2). For X G 02 A;, we have [A io , R(^ 0 )](X) = 
[A^R(^ o mee,X})=0 and 


[A^,R(^)](X) = -- 

[A^R{e tl )\m^ x \) - 


cosh 3 ( \/2ti 
6 


-m\x\ 


cosh 3 (\/2ti 


-X. 


(iv) For X G (Rf + RRaJ © k, we have [A^,R^ 0 )](X) = [A^ , R{? U )](X) = 0. 

(v) ForX G (0A,©Re) + ((RC J +R^A J )©(j) + 02A i (j ^i), we have [A ?0 , R(£ 0 )](X) = 
[A^,R(Q i )](X) = 0. 

(vi) ForX G 0 M (fi G A+\{Ai, • • • , A*P, we have [A^, R(£ 0 )](X) = [A^R{Q.)\{X) = 


From (iv) of Proposition 3.6, we can derive the statement (*)• 

Also, we ([Kl]) showed the following fact in terms of Lemma 3.1. 

Proposition 3.7([K1]). Ifb = { 0 }, then 5 r, i \ ... i k admits the only minimal leaf. 

’ £ >*i ’ ’ € K >*fc 


4 Proof of Theorem A 

In this section, we shall prove Theorem A. We use the notations in Sections 1 and 3. 
Note that Exp| a = exp |„ and Exp|„ / exp |„. Set S := Exp(T e J -S' b j ■ e)(= Exp(b + 
''' , £ fc })), which is the flat section of the S b ^ ^-action through e. Each leaf of 
5 b g ... | meets E at the only one point. That is, E is regarded as the leaf space of this 

foliation. For (o £ and ti G M (i = 1, • • • , k), we set ££ 0 ,ti,...,t fc := Exp£o • 7 ^ 1 / tl ). 

7 £k( tk y Also, denote by ^(») the covariant derivative of vector fields (•) along curves in 
AN (with respect to the left-invariant metric). The following fact is well-known about the 
geodesics in rank one symmetric spaces of non-compact type but we shall give the proof. 


Lemma 4.1. The velocity vector 7 '^s) = 1, - - - ,k) is described as 

1 


(4.1) 


- (7i\ tanhfllAiHs),—^ 

7 «‘ () cosh(||A,|| s ) ( °^ (s) ||Aj|| 




and 7^ 0 (s) is described as 

(4-2). 7 &(s) = (Co) 7fo ( s ) 


Proo/. Set Y(s) := cosh ( | | A .||,) (C%(») “ (^) 7gi («)• It is clear that E(0) = f. 

By using Lemma 3.4, we can show Y = 0. Hence we obtain Y(s) = 7 ^(s). Also, it is 
clear that (Co) 7 ? 0 (o) = Co- By using Lemma 3.4, we can show ^(Co) 7 ? 0 (s) = 0 . Hence we 
obtain (Co) 7eo ( s ) = t£ 0 (s)- h-e-d. 

Next we shall show the following fact. 

Lemma 4.2. The point x^ 0>tlt - ,t k belongs to E. 

Proof. It is clear that Exp(£ 0 ) belongs to E. First we shall show that Exp(Co) • 7^1 ( tl ) 
belongs to E. Let 7^ 0 be the geodesic in AN with 7 ^( 0 ) = Co- Since 7^1 is a geodesic in 
AN and L Exp ^ 0 ) is an isometry of AN, L Exp (£ 0 ) °7$ 1 is a geodesic in AN. Hence we suffice 
to show that (L Exp (£ 0 ) o 7 ^ 1 )'(()) = (C 1 )exp(^ 0 ) I s tangent to E. Denote by C 1 the parallel 
vector field along 77 ,. Take orthonormal bases {e^, • • • , eA A } of g A (A € A+). Also, take 
an orthonormal base {e®, ■ ■ • , e®} of a. We describe C 1 as 

r ~ m\ 

C 1 ^) = IZ a i( S )( e i)7 €o W+ S 5Z a ^( s )( e ^)7€ 0 W ( SGM )’ 

i=l AeA + i =1 

where of- and off are functions over M. Fix sq € M. By using Lemma 3.4, we can show 


D 

ds 


D 


r = E(K°) / ( s o)(^M + K°)( s o)^ _ ((«£) 7<bW ) 


s—sq i=l 

m x / 


D 


s=s 0 
A 


S=SQ 


+ E E ( a i‘) , ( s o)(ei‘) 75o ( so ) + af(s 0 ) 

AeA + i= 1 V 

E ((“?)'(*o)(4W«) + 


(( e i ^qM) 


i =1 


+ EE(( a i ) ( s o)( e j ) 7 ^ 0 (so) 4~ a i ( s o)^ 7 ^(s 0 ) (( e i (so))^ 

A£^\_l_ i —1 

E ((“i)'(*o)(e'?) 7 , 0 (», + («“)(*o)(V fo e7 7£o( , o) ) 


i =1 


m A 


+ E E(< a f) / ( s o)(ef) 75o ( So ) + a^(so)(V^e^) 7?o ( So ))^ 

AgA+ %—■ 1 

r _ m A ^ 

^(a, 0 )'(s 0 )(eO) 75 o ( S o) + X] EK A )'W( e . A ) 7£o W = 0 - 

AeA+ i=l 


Z =1 
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that is, (a^)'(so) = (a^/(so) = 0, where we use 7 ^ 0 (-so) = £o 7 £ 0 (s 0 )- From the arbitrariness 
of .so, we see that and a 7 are constant. Hence we obtain ^(s) = (s)- On the 

other hand, since ^ is tangent to X and X is totally geodesic, ^(1) also is tangent to X. 
Hence we see that (^ 1 )Exp(f 0 ) i s tangent to X. Therefore Exp(£o) • T^pi) belongs to X. 

Next we shall show that Exp(£o) ■ T^pi) • l£ 2 {t 2 ) belongs to X. Since 7^2 is a geodesic 
in AN and -Lexp(£ 0 )- 7 ? i(*i) an isometry of AN, L Ex p(^ 0 ). 7 ? 1 (t 1 ) 0 7^2 is a geodesic in AN. 

Hence we suffice to show that (L E xp(£ 0 )- 7 ? i (tl) o 7 ^)'( 0 ) = (C 2 )Ex P (&)- 7 ? i(h) is tangent to X. 
Denote by ^ the parallel vector field along 7 ^ := L Exp (£ 0 ) o 7^1 with £^(0) = (£ 2 ) Exp (£ 0 )- 
We describe as 

r m\ 

?(«) = ^2 b i( s )( e °ih^i{s) + ^2hi( s )( e ih e iW ( seM )’ 

i =1 AgA+ i =1 


where b { ] and bf are functions over R. Fix so € R. By using Lemma 3.4, we can show 

D 


(4.3) 


D 

ds 


^ = E \^nso)(e^ {so) + (b^(s 0 ) 


s ~ s 0 i =1 

m\ / 


ds 




D 


S=S 0 


+ E E + * 

AeA + i= 1 V 

X ((f>i)'(*o)(el) 7 , (so , + (l>?)(«o)Vy (M) ((^) V(<| 


s=so 
"a 


((efVw) 


i= 1 


771 X 


+ XX(< ^) , ( s o)(e^) 7sl ( so ) + ^( s o)V^ i ( so) ((e^)^ 1 ( s ))^ — 0 . 

AeA+ i= 1 


Since ip (s 0 ) = “ 


described as 


tanh(||Ai||so) 

IIAill 


(^Ai ) 7 !( S0 ) by Lemma 4.1, ip(s 0 ) is 


T^i ( s o) — (F Ex p(£ 0 ))*(7^i ( s o)) 

1 tanh(||Ai||s 0 ), ~ , 

^ h £ iW -- WiheiM- 


cosh(||Ai 11 «o) 

Hence, by using Lemma 3.4, we have 

1 

V 7'„i( s o)U e i)7 # i — X3T7 

(4.4) 


tanh(||Ai||s 0 ) 


-)tii (v "WV»> 


cosh(||Ai 

Ai(e°) 

h(| |A 7 11 -s 0 ) ^ V('°> 


cost 
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and 




f 1 cosh(||Ai||s 0 ) 1 7 « 


fT7 „~A tanh(||Ai||s 0 ) /V7 ^ 

£l e i)'Y ( l(s 0 ) m II (y H Xi e int: l(so) 


2 cosh( 11 Ai 11 s 0 ) 

1 

2cosh(pi||s 0 ) 

2cosh(pi||s 0 ) 

2 cosh( 11 Ai 11 s 0 ) ^ 


[^\ef] + 9[e^e^] 


(Ai - A G A + ) 


,<] + 2 (e,e?)H Xl (A x = A) 


;e$]+B[pM 


(A-AiG A+) 

(Ai — A ^ A U {0}). 


By substituting (4.4) and (4.5) into (4.3), we obtain 


P-ST (aflvu M e i)( b i)( s o ) ^\ 

C 2 ^((&i)(so)(e i ) 7£l(so ) cosh (|| Al || So ) ) 7 € i(*o) 


AeA + i =1 

bi(so) 


+ y y__rfi e A i 

y b^(so) ( r 7i Tn , o/Ai V 


“ 2 cosh(| | Ai 11s 0 ) 


yy] + 2 (£vytf Al =o. 


Without loss of generality, we may assume that e ^ 2 = £ 2 . Hence we have lq 2 (0) = 1 
and bf(0) = 0 for any (A ,i) other than (A 2 ,1). From (4.6) and these relations, we obtain 
b\ 2 = 1 and b} = 0 for any (A, i) other than (A 2 ,1), where we note that Ai — A 2 ^ A U {0}. 
Therefore we obtain £ 2 = (? 2 )y el ( s )- On the other hand, since (£ 2 )(0) is tangent to E and 

E is totally geodesic, also is tangent to E. Hence we see that (£ 2 )Exp(£ 0 )- 7 e i(ii) is 

tangent to E. Therefore Exp(£o) • 7^1 m) • 7^ 2 (t 2 ) belongs to E. In the sequel, by repeating 

the same discussion, we can derive that x^o tl ... tk = Exp(£o) • 7 ti( tl ).7£ fc (4) belongs 

to E. q.e.d. 

It is clear that any point of E is described as x^ 0ttl> ...,t k f° r some £0 G b and some 
ti, • • ■ , t}; £ R. Fix an orthonormal base {e) 1 , • • • , e^ 0 } of b, where mo := dim b. Dehne 
vector fields Ef (i = 1, • • • , mo) and E ] (j = 1, • • • , k) along E by 

:= (L X £ 0 , t i,..., tfc )*( e i)( = ( e k 5o ,t 1 ,...,t A ,) 

and := (W-,J*(4)(= 
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By imitating the discussions in the proofs of Lemmas 4.1 and 4.2, we can show the following 
fact for these vector fields. 

Lemma 4.3. The vector fields E 9 (i = 1, • • • , m o ) and E1 (j = 1, • • • , k) are tangent to 
£ and they give a parallel orthonormal tangent frame field on £. 

Proof. Let (£*)■? (resp. (£*)°) be the parallel vector field along 7 ^ (i / j ) (resp. 7 ^ 0 ) 
with (CYq = £* (resp. (£*){] = £*) and (£o) J be the parallel vector field along 7 g with 
(£ 0)0 = 6- According to Lemma 4.1, we have = ( L ^i(t))*(Q) and ( 7 ?0 )'(t) = 

( L 7 « 0 (t) )*(&)• A1so ’ we can show (?)^. (t ) = (*))*(£*) U ± *)> (?)? €o (t) = ( L 7 $ 0 (t) )*(£*) 

and (£ 0 )^ , 7 ) = (L 7 ^. (t))*(£ 0 ) by imitating the discussion in the proof of Lemma 4.2. On 

the basis of these facts, we can derive the statement of this lemma, where we note that £ 
is flat. q.e.d. 



Figure 4. 

By using these lemmas, we prove Theorem A. 

Proof of Theorem A. In this proof, we use the notations as in Example 2. Set M x := 
‘-’b/i ■■■ T fc ’ x £o,ti,—,tk- Denote by H x ^O’*i<- tk the mean curvature vector field of ti ... . 

Let {e^, • • • , e^ 0 } be an orthonormal base of b and (H\) j, = -^a^ be the b-component 

of ILa- According to the fact (iv) stated in Introduction, we have 

^ x io’ t i — Ax £o’*i>- e )‘ 

Denote by the mean curvature vector field of S’b,^ t t ■ e. According to 

Lemma 3.1, we have 

k 

(H* 0,tl '-' tk ) e = Y 11^*11 tanh (ll^*ll^)( m Ai + 2m 2 A i )S i 

AeA + i=l 
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and hence 


(4.7) 


(H x i o. 


' x €o,ti 


E E^^W. 

AgA+ i= 1 
k 

- ^ 11 Ai 11 tanh(| I Aj 1|U) (m Ai + 2m 2 \ i ) (-E*)a: €oitl ,... tfc . 
2=1 


Define a tangent vector field Z over E by Z x := (H x ) x (x € E). According to (4.7), we 
have 


(4.8) 


mo 

,* = E e^w-^k,,, ,, 

aga + *=i 

k 

- X] 11 A* 11 tanh (l I A * 11*0 ( m \ + 2m 2Ai) (■^*)* €o ,t ll ... ,t k ■ 

1=1 


Define a coordinate 4> = («i, • • • , u mo +k) '■ E —> W n ° +k of E by 


^^ElS Sie°>ti>— tk) >4) 

(si,-- - , s mo ,D,--- ,4 € M). We can show ^ = E? (« = 1, • • • ,m 0 ) and ^ = 

E 3 (j = 1, • • • , k). Hence 0 is a Euclidean coordinate of E. Under the identification of E 
and R m °+ k by (j), we regard Z as a tangent vector field on M. mo+k . Then Z is described as 


= (E . E m ^r. 

(4.9) agA_|_ agA+ 

-||Ai||tanh(||Ai||« m o+i)(mAi + 2m 2Al ), 

••• ,-||Afc||tanh(||Afc||« mo+fc )(mA fe +2m 2 \ k )). 

Fix ,a mo ,ti, - ■ ■ ,tj~) € W n ° +k . Let c be the integral curve of Z starting from 

(ai, • • • , a mo ,ti, • • • , tk) and let c = (ci, • • • , c mo+ k). We suffice to investigate c to investi¬ 
gate the mean curvature flow starting from M x rng 0 From c'(t ) = Z c / t \, we have 

c'iit) = EasA+ m \H\ (* = 1, • " ,™o) and c^ o+j (f) = -(m Aj . + 2m 2Ai )||A j || tanh 
(||Aj||c mo+J (t)) (j = l,--- ,/.•). By solving c'(f) = J2\eA+ m \ H \ un der the initial condi¬ 
tion Cj(0) = ai, we have 


(4.10) 


c*(t) = a,; + t ^ m \H\- 
aga + 


Also, by solving c' mo+j (t) = ~{m\ j + 2m 2 A J )||A i || tanh(||Aj||c mo+J (f)) under the initial 
condition c mo+ j(0) = tj, we have 

(4.11) c mo+j (t ) = ||^-||arcsinh (e _l|Ajl1 (m 4 +2m2 U)* s inh(||Aj||tj)^ . 

From (4.10) and (4.11), we can derive T = oo, lim ^,"4 Cj(t) 2 = oo (i = 1, ■ ■• , mo) and 

£—>•00 

lim c mo+J (t) = 0 (j = !,••• ,fc). If 4 = ••• = 4 = 0, then we have c mo+j = 0 (j = 
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1, • • • ,mo). Hence the mean curvature flow starting from 0 0 (x^ 0i o,---,o € Exp(b)) 

consists of the leaves of 3 b j, ... 7 fc through points of Exp(b). Also, according to the fact 
(iv) stated in Introduction, the leaves of d b ~g ... j through points of Exp(b) are congru¬ 
ent to S' b 7 i ... • e. Therefore, the mean curvature flow starting from M x ^ 0 0 is self¬ 

similar. From lim i q(^) 2 = oo {i = 1, • • • , mo) and lim c mo+ , (t) = 0 (j = 1, • • • , k), 

t—> oo t—> OO 

we see that the mean curvature flow starting from any leaf of 3{, ... ~i k asymptotes the 

mean curvature flow starting from the leaf of 3 h 7 1 j k passing through a point of Exp(b). 
q.e.d. 

According to this proof, we obtain the following fact. 

Corollary 4.1. (i) The mean curvature Bow starting from M x 0 0 is self-similar. 

(ii) The mean curvature Bow starting from M x ^ t ({ti,--- ,tk ) A (0, ••• ,0)) 
asymptotes the Bow starting from Mx io 0 ... 0 • more detail, the distance between M x ^ t 
and M XiQ 0 0 is equal to 


\gpT " csmh2 


11 A W 2 ( m \j + 2m 2\j )t sin h ( 11 Aj 11 tj )) 


which converges to zero as t —> oo. 


Next we prove Theorem B. 


Proof of Theorem B. In case of b = {0}, the relation (4.9) is as follows: 

/ 4 12 \ z {ui,-,u k ) = H|Ai||tanh(||Ai||u mo+ i)(m Al + 2m 2Al ), 

••• ,-||A fc ||tanh(||A fc ||rx mo+jt )(m Afc +2m 2 A J). 

Hence, according to the dicussion in the proof of Theorem A, the mean curvature flow 
starting from any leaf of 3 h 7 fc converges to the only minimal leaf S b 7 7 ^ • e. Further¬ 

more, the flow converges to the minimal leaf in C^-topology because the flow consists of 
S b 7 i ... 7 fc -orbits and the limit submanifold also is a S b - Li ... 7 fc -orbit. q.e.d. 
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